Abstract. We consider four extended Ricci flow systems-that is, Ricci flow coupled with other geometric flows-and prove dynamical stability for certain classes of stationary solutions of these flows. The systems include Ricci flow coupled with harmonic map flow (studied abstractly and in the context of Ricci flow on warped products), Ricci flow coupled with both harmonic map flow and Yang-Mills flow, and Ricci flow coupled with heat flow for the torsion of a metric-compatible connection. The methods used to prove stability follow a program outlined by Guenther, Isenberg, and Knopf, which uses maximal regularity theory for quasilinear parabolic systems and a result of Simonett.
Introduction
A fundamental problem in the study of differential equations is to determine the asymptotic behavior of solutions. This problem is central to the application of differential equations to Riemannian geometry. For example, Eells and Sampson demonstrated the existence of harmonic maps by proving that solutions of the harmonic map flow converge [6] . Hamilton placed strong restrictions on the topology of three-manifolds admitting positive Ricci curvature by proving that solutions of Ricci flow converge [8] (see also [2, 9] ).
One way to phrase this problem is in terms of stabilty of stationary solutions to the system of equations in question: do solutions with initial data near a fixed point converge to that fixed point? For Ricci flow, whose fixed points include Einstein and Ricci-flat metrics, there are many stability results.
To mention a few of these results in the compact case, Ye proved that Einstein metrics with certain curvature pinching properties are stable [27] ; Guenther, Isenberg and Knopf proved that certain flat and Ricci-flat metrics are stable [7] , and some of these results were improved byŠešum [19] ; using the results ofŠešum, Dai, Wang, and Wei proved that Kähler-Einstein metrics with non-positive scalar curvature are stable [5] ; Knopf and Young proved that hyperbolic space forms are stable [11] ; Wu proved that complex hyperbolic space is stable [26] . We should note that these authors use various techniques and obtain stabilty relative to various topologies on the space of metrics.
The purpose of this paper is to describe stability of solutions of certain extended Ricci flow systems, which often arise from natural geometric contexts involving Riemannian manifolds with additional structure. First, we consider Ricci flow coupled with the harmonic map flow; see Section 2. If φ : (M, g) → (N , γ) is a map of Riemannian manifolds, the harmonic-Ricci flow is the coupled system (1.1) ∂ t g = −2 Rc +2c ∇φ ⊗ ∇φ
where τ g,γ φ is the harmonic map Laplacian (or tension field) of φ, dφ ⊗ dφ = φ * γ, and c is a (possibly time-dependent) coupling constant. This was introduced in the case N = R in [13] , and the general case was addressed in [17] . This flow also arises naturally in certain contexts; see Section 2.1 for examples.
For this flow we demonstrate the stability of fixed points (g, φ), where g is an Einstein metric of negative curvature, and φ is constant. Theorem 1.2. Let φ : (M n , g) → (N , γ) be a map of Riemannian manifolds. Suppose that M is compact and orientable, g is Einstein with negative sectional curvature (assumed to be constant when n = 2), and φ is constant. Then for any ρ ∈ (0, 1), there exists θ ∈ (ρ, 1) such that the following holds.
There exists a (1 + θ) little-Hölder neighborhood U of (g, φ) such that for all initial data ( g(0), φ(0)) ∈ U, the unique solution ( g(t), φ(t)) of curvature-normalized harmonic-Ricci flow (2.2) exists for all t ≥ 0 and converges exponentially fast in the (2 + ρ)-Hölder norm to a limit (g ∞ , φ ∞ ). In this limit, φ ∞ is constant, g ∞ = g when n ≥ 3, and g ∞ has constant negative sectional curvature when n = 2.
We next consider Ricci flow on warped products; see Section 3. Warped products R × F m , where F m is a positively-curved Einstein manifold, were used by Simon in a construction of metrics with pinching singularities [20] . More recently, Lott anď Sešum studied Ricci flow on compact warped products M 3 = B 2 × S 1 and proved several stability-type results [16] . Tran has also considered Ricci flow on warped products B n × F m where F is Ricci-flat [24] . Here, we consider fibers (F m , γ) such that γ is µ-Einstein. The resulting flow equations on (B × F, g + e 2φ γ) are (1.3) ∂ t g = −2 Rc +2m dφ ⊗ dφ
This flow is a modified version of (1.1) with a one-dimensional target. Not surprisingly, the behavior here depends strongly on the sign of µ. When µ ≤ 0, we obtain a result similar to Theorem 1.2 above.
Theorem 1.4. Let g = g + e 2φ γ be a warped product metric on M = B n × F m , where B is orientable and compact, and (F, γ) is µ-Einstein with µ ≤ 0. Suppose that g is Einstein with negative sectional curvature (assumed to be constant when n = 2). Then for any ρ ∈ (0, 1), there exists θ ∈ (ρ, 1) such that the following holds.
There exists a (1 + θ) little-Hölder neighborhood U of g such that for all initial data g(0) ∈ U, the unique solution g(τ ) of curvature-normalized warped product Ricci flow (3.19) exists for all t ≥ 0 and converges exponentially fast in the (2 + ρ)-Hölder norm to a limit metric g ∞ = g ∞ + e 2φ∞ γ. In this limit, φ ∞ = φ, g ∞ = g when n ≥ 3, and g ∞ has constant negative sectional curvature when n = 2.
Next, we consider the locally R N -invariant Ricci flow ; see Section 4. This flow was introduced by Lott as a means for proving that if (M 3 , g(t)) is a compact, Type III Ricci flow solution with diameter O( √ t), then the pull-back solution ( M, g(t)) on the universal cover converges to a homogeneous Ricci soliton [15] . For this, Lott considered a class of "twisted" principal R N -bundles. Certain metrics on such bundles R N → M n+N → B n can be represented locally as g = (g, A, G), where g is a metric on the base, A is an R N -valued 1-form corresponding to a connection on M, and G is an inner product on the fibers. Ricci flow on these locally R Ninvariant metrics decomposes into a Ricci flow-type equation for g, a Yang Mills flow-type equation for A, and a heat-type equation for G:
γδ . An important ingredient in the proof of Lott's theorem is a set of stability results for this system, proved by Knopf in the cases N = 1 or n = 1 [10] . We extend some of those results to arbitrary dimensions, and to a more general class of fixed points. Theorem 1.6. Let g = (g, A, G) be a locally R N -invariant metric of the form (4.1) on a product R N × B n , where B is compact and orientable. Suppose that A vanishes and G is constant, and that g is Einstein with negative sectional curvature (assumed to be constant when n = 2). Then for any ρ ∈ (0, 1), there exists θ ∈ (ρ, 1) such that the following holds.
There exists a (1 + θ) little-Hölder neighborhood U of g such that for all initial data g(0) ∈ U, the unique solution g(τ ) of curvature-normalized locally R Ninvariant Ricci flow (4.2) exists for all t ≥ 0 and converges exponentially fast in the (2 + ρ)-Hölder norm to a limit metric g ∞ = (g ∞ , A ∞ , G ∞ ). In this limit, A ∞ vanishes, G ∞ is constant, g ∞ = g when n ≥ 3, and g ∞ has constant negative sectional curvature when n = 2.
Finally, we consider the connection Ricci flow ; see Section 5. This flow was introduced by Streets as a geometric interpretation of renormalization group flow on (M n , g) with B-field included, which takes the form of Ricci flow coupled with heat flow for a closed three-form [22] (see also [18, 23] ). Here, n ≥ 3. One can intepret the B-field strength as the torsion τ of a metric compatible connection, and Ricci flow in this setting becomes Ricci flow for g coupled with heat flow for the torsion:
where H ij = g pq g rs τ ipr τ jqs . There are also certain other assumptions on τ that we will make precise in Section 5.1.
We show that the flow is stable when the metric g is Einstein with negative sectional curvature and the connection is the Levi-Civita connection of g, that is, the torsion vanishes.
) be a compact, orientable Riemannian manifold with n ≥ 3. Consider a metric-compatible connection ∇ on M with torsion τ . Suppose that g is Einstein with negative sectional curvature and that τ = 0. Then for any ρ ∈ (0, 1), there exists θ ∈ (ρ, 1) such that the following holds.
There exists a (1 + θ) little-Hölder neighborhood U of (g, τ ) such that for all initial data ( g(0), τ (0)) ∈ U, the unique solution ( g(t), τ (t)) of curvature-normalized connection Ricci flow (5.1) exists for all t ≥ 0 and converges exponentially fast in the (2 + ρ)-Hölder norm to (g, τ ) = (g, 0).
The proofs of these theorems follow the same general outline.
(1) Modify the flow so that the fixed points are more easily studied. This involves pulling back the flow by diffeomorphisms, and the fixed points include Einstein metrics together with other objects relevant to the flow in question (e.g., maps or connections). (2) Compute the linearization of the modified flow, and prove linear stability at the fixed points. This actually involves a second modification (by a DeTurck trick) to make the flow strictly parabolic. (3) Prove dynamical stability by setting up the appropriate Hölder spaces and applying a theorem of Simonentt. (See Appendix A for the statment of the theorem.) The technique described here was introduced by Guenther, Isenberg, and Knopf [7] , and has subsequently been used to prove several other results. For example, as mentioned before, Knopf proves stabilty for certain solutions of locally invariant R N -invariant Ricci flow [10] . Young considers Ricci flow coupled with Yang-Mills flow and proves stability of certain solutions [28] . Wu, as cited above, uses these methods to prove that complex hyperbolic space is stable under Ricci flow [26] . He also adapts the method for use in the non-compact setting.
Step (3) in this technique relies on the maximal regularity theory of Da Prato and Grisvard [4] , which exploits the smoothing properties of quasilinear parabolic operators. The actual stability then follows from a (quite general) theorem of Simonett, which is based on this maximal regularity theory [21] . The theorem also has the feature of giving stability even in the presense of center manifolds. The first analysis of center manifolds in problems relating to Ricci flow appeared in [7] . Remark 1.9. All of these theorems are true when the Einstein manifold is replaced by a two-dimensional sphere with constant positive sectional curvature. Unfortunately, the techniques used here do not generalize to higher dimensions for positively curved manifolds. See [10, Remark 2] . 
By requiring a product rule and compatibility with the metric, we also have convariant derivatives on all tensor bundles
The Levi-Civita covariant derivative ∇ T N of the metric γ on N induces a covariant derivative ∇ φ * T N on the pull-back bundle φ * T N → M, given by
As before, we get a covariant derivative on all tensor bundles over M of the form
We refer to them simply as ∇. Related quantities are decorated with the metric name, if necessary, e.g., g ∇. In local coordinates (x i ) on M and (y λ ) on N ,
Similarly, we have
The harmonic map Laplacian (or tension field ) of φ with respect to g and h is (2.1)
is a symmetric (2, 0)-tensor on M, and we define S = Rc −c ∇φ ⊗ ∇φ where c = c(t) ≥ 0 is a coupling function. Now we recall the flow (1.1): if φ : (M, g) → (N , γ) is a map of Riemannian manifolds, the harmonic-Ricci flow is the coupled system
We will call this hrf for short, although it is also sometimes called the (RH) c flow. We will assume that c(t) is non-increasing. As mentioned above, this flow was introduced in [17] and is a generalization of one studied in [13] . Now we consider some exampes of the flow. In studying expanding Ricci solitons on homogeneous spaces, Lott considered as a model a special type of vector bundle. Let M be an R N -vector bundle with flat connection, flat metric G on the fibers, and Riemannian base (B n , g). Assume that the connection preserves fiberwise volume forms. Lott showed that the soliton equation becomes a pair of equations. One is a soliton-like equation for g. The other is an equation for G, which says that, interpreted as a map G : B → (SL(N, R)/ SO(N ), γ), G is harmonic. Here, γ is the natural metric induced by G; see (4.3) .
In fact, more is true. Ricci flow on such bundles is the coupled flow
which is the harmonic-Ricci flow on (B, g) with map G and c = 1/8; see [25] . This is in fact a special case of the coupled system considered in Section 4. All known 3D and 4D homogeneous spaces admitting expanding Ricci solitons have this bundle structure, so the corresponding Ricci flow solutions are harmonicRicci flow solutions.
Ricci flow on a warped product (M n × S 1 , g + e 2u dθ), after modification by diffeomorphisms, takes a special form:
This is harmonic-Ricci flow with target R and c = 1, and was studied by Lott anď Sešum [16] . It is also a special case of the system considered in Section 3.
2.2.
Stability. In this section we follow the outline given in the introduction to prove Theorem 1.2.
We transform the system into one whose fixed points include pairs (g, φ) with g Einstein and φ constant. Suppose that (g(t), φ(t)) is a solution of (1.1) (with time parameter t). Let s(t) be a function with positive anti-derivative σ, and consider
where
for t 0 ∈ I, the interval of existence of the solution. A straightforward calculation shows that this transformation results in the modified flow
We want to describe the fixed points of this system, with the proper choice of s.
With these choices, we call (2.2) the curvature-normalized harmonic-Ricci flow system.
Consider a fixed point (g 0 , φ 0 ) of the flow (2.2) on M n . From Lemma (2.3), assume that g 0 is Einstein with Rc(g 0 ) = λg 0 and φ 0 is constant. To analyze the stability near this fixed point, we must compute the linearization of the flow. Let g( ), φ( ) be a variation of (g 0 , φ 0 ) such that
for some symmetric (2, 0)-tensor h and variational vector field ψ ∈ C ∞ (φ * T N ). More explicitly, φ(x, ) = exp φ(x) ( ψ(x)). Let ∆ denote the Lichnerowicz Laplacian acting on symmetric (2, 0)-tensor fields. Its components are
Lemma 2.5. The linearization of (2.2) at a fixed point (g 0 , φ 0 ) with Rc(g 0 ) = λg 0 and φ 0 constant acts on (h, ψ) by
where ∆ is the Lichnorowicz Laplacian and ∆ is the Laplacian acting on functions.
Proof. With a variation as in (2.4), we must compute
Such computations involve standard variational formulas for geometric objects like g −1 , Γ, Rc, and R. See [3, Section 3.1], for example. The first equation is considered in [10, Lemma 3] . For the second equation, using the coordinate expression for the tension field from (2.1), it is easy to see that
as desired.
We next use the DeTurck trick to make the linearized system (2.2) strictly parabolic. That is, we pull back by diffeomorphisms generated by carefully chosen vector fields, which has the effect of subtracting a Lie derivative term from both equations in (2.2). To this end, define a vector field depending on g(t) by
Let F t be diffeomorphisms generated by W (t), with initial condition F 0 = id. The one-parameter family F * t g(t), F * t φ(t) is the solution of the curvature-normalized harmonic-Ricci DeTurck flow. A stationary solution (g 0 , φ 0 ) of (2.2) with Rc = λg 0 and φ 0 constant is then also a stationary solution of the curvature-normalized harmonic-Ricci DeTurck flow. Lemma 2.8. The linearization of the curvature-normalized harmonic-Ricci DeTurck flow at a fixed point (g 0 , φ 0 ) with Rc = λg 0 is the autonomous, self-adjoint, strictly parabolic system
Proof. The curvature-normalized Ricci-DeTurck flow is obtained by what amounts to subtracting a Lie derivative from the right side of (4.2):
with intial data (g(0), φ(0)), so we must compute the linearization of this Lie derivative, as in Lemma 4.8. Take a variation ( g( ), φ( )) as before. It is well-known that
Subtracting this from (2.6a) gives (2.9a). For the second equation,
and is it easy to see that W ( g(0)) = 0, so
Now assume that (g 0 , φ 0 ) is a fixed point of the curvature-normalized harmonicRicci-DeTurck flow with φ 0 constant and g 0 a λ-Einstein metric with negative sectional curvature.
Recall that a linear operator L is weakly (strictly) stable if its spectrum is confined to the half plane Re z ≤ 0 (and is uniformly bounded away from the imaginary axis). We thank Peter Petersen for the idea behind the following estimate. Lemma 2.10. Suppose that g is λ-Einstein, and that there exists K < 0 such that
Proof. First, write a symmetric 2-tensor h as h = g( h·, ·) and let {e i } be an orthonormal basis of eigenvectors for h. That is, h(e i ) = λ i e i . Now, we write part of Lh, h in components with respect this basis. Using that g is λ-Einstein, we have
sec(e i , e j )λ
Now, integrating by parts and using Koiso's Bochner formula [12] together with the above equation,
Lemma 2.11. Let (g 0 , φ 0 ) be such that φ 0 is constant and g 0 is Einstein with negative sectional curvature. Then the linear system (2.9a)-(2.9b) has the following linear stability properties: If n = 2, then the operator L 0 is weakly stable. On an orientable surface B of genus γ ≥ 2, the null eigenspace is the (6γ − 6)-dimensional space of holomorphic quadratic differentials.
If n ≥ 3, the operator L 0 is strictly stable. The operator L 1 is weakly stable. Its null eigenspace is the space of constant variations ψ ∈ C ∞ (φ * T N ), whose dimension is equal to dim N .
Proof. The statements about L 0 in dimension 2 follows from [10, Lemma 5] , and the statement in dimension n ≥ 3 follows from Lemma 2.10. That the operator L 1 = ∆ is weakly stable follows from integrating by parts.
We now turn to the proof of the the main theorem. See the appendix for the statement of Simonett's theorem, [10, Section 2] for a more detailed description of its application as used here, and [21] for the original statement.
If V → M is a vector bundle, let h r+ρ (V) denote the completion of the vector space C ∞ (V) with respect to the r + ρ little-Hölder norm. For fixed 0 < σ < ρ < 1, consider the following densely and continuously embedded spaces:
For fixed 1/2 ≤ β < α < 1, define the continuous interpolation spaces
For fixed 0 < 1, let G β be the open -ball around (g 0 , φ 0 ) in X β , and define
Proof of Theorem 1.2. We follow the proof of Theorem 1 in [10] , which consists of four steps. First, one must show that the complexification of the operator in (2.9a)-(2.9b) is sectorial. This holds exactly as in [10] . With this established, once checks that conditions (1)-(7) of Simonett's theorem hold, and this follows exactly as in [10, Lemmas 1 and 2]. The second step is then to apply Simonett's theorem (Theorem A.1).
Third, in the cases of weak linear stability, one proves the uniqueness of a smooth center manifold consisting of fixed points of the flow (2.2). Our case is in some sense a special case of that considered in [10] . In particular, the n = 2 case for the metric g is handled. Note that fixed points of this flow still coincide with those of the curvature-normalized Ricci-DeTurck flow. Finally, one proves convergence of the metric. Again, the arguments of [10] 
. Let H, V ⊂ T M denote the horizontal and vertical distributions, respectively. The Ricci curvature of g is (3.1)
See [1] , for example. We wish to describe the Ricci flow equation on the warped product (M, g) in terms of the evolution of g and the warping function φ. A similar approach was taken in [16, 24] .
) be a solution to Ricci flow, with M closed and g(0) = g(0) + e 2φ(0) γ(0) a warped product. If (F, h) is µ-Einstein, then γ(0) = γ is constant under the flow, g(t) is a warped product, and the evolutions of g and φ are given by
g Rc +2m Hess(φ) + 2m dφ ⊗ dφ
Proof. Define g(t) = g(t) + e 2φ(t) h, where g(t) and φ(t) are solutions of (3.3) with g(0) = g 0 and φ(0) = φ 0 . Using (3.1), we see that the evolution of g(t) is
since −2µγ = −2 γ Rc. This means g(t) solves Ricci flow with g(0) = g 0 + e 2φ0 γ. By uniqueness of solutions of Ricci flow, for any solution g(t) of Ricci flow with g(0) = g 0 + e 2φ0 h, we must have g(t) = g(t). This means the warped product structure is preserved and the components of g(t) = g(t) + e 2φ(t) γ must satsify (3.3).
We can simplify the system (3.3). Consider the (horizontal) vector field X = −m∇φ. Then we compute the following Lie derivatives,
Puling back by diffeomorphisms generated by X amounts to adding these Lie derivatives to the equations in (3.3) . From this we obtain the system
which we recognize as (1.3).
Remark 3.4. The system (1.3) does not involve (F, γ) at all, except for the Einstein constant µ. Considering that system abstractly (that is, outside the context of Ricci flow), we can therefore allow F to be non-compact.
3.2.
Estimates. We wish to understand the asymptotic behavior of φ(t) and dφ(t) when (g(t), φ(t)) is a solution of (1.3). For this, we need the evolution of various geometric quantities under the flow (1.3). The following evolution equations can be proved in a manner similar to those for (1.1) with 1-dimensional target, as found in [13] .
Lemma 3.5. Let g(t), φ(t) be a solution of (1.3). We have the following evolution equations.
We will use the estimates from the lemma with the following version of the Maximum Principle. Theorem 3.6. Suppose g(t) is a family of metrics on a closed manifold M n , X(t) is a time-dependent vector field on M, and F : R × [0, T ) → R is a Lipschitz continuous function. Consider the semi-linear heat equation
and the corresponding ordinary differential equation
Let u(x, t) be a C 2 solution of (3.7), and let U 1 and U 2 solve (3.8) with U 1 (0) = min M u(x, 0) and U 2 (0) = max M u(x, 0), respectively. In particular,
for all x ∈ M. Then as long as these functions exist,
for all x ∈ M. Lemma 3.9. Suppose that (g(t), φ(t)) is a solution of (1.3) on B × F with B compact and (F, h) µ-Einstein with µ = −1/2. Then there are constants d 1 , d 2 , C such that
Proof. The ode associated with the evolution of φ is
For initial data U (0) = d, this has solution U (t) = 1 2 log(e 2d − 2µt). Let U 1 and U 2 solve the ode with initial data d 1 = min B φ(x, 0) and d 2 = max B φ(x, 0), respectively. Then
for as long as the functions exist, and for all x ∈ B. Translating this into a statement about the metric g, we see that
We may rescale the metric h so that the Einstein constant is µ ∈ {− Note that the first case is expanding and the third reaches zero in finite time. Now let us find bounds on |dφ| 2 . We can do this in the case that µ < 0 (say µ = − 1 2 ). First, from the behavior of φ above, we have
where b = e 2d2 . Then |dφ| 2 evolves according to
That is, v = |dφ| 2 is a subsolution of ∂ t u = ∆u + F (u, t), where
The corresponding ode has solution
Taking U 0 = max B |dφ(x, 0)| 2 , the Maximum Principle gives
for all time and all x ∈ B, for some C > 0. Note that |dφ| 2 is therefore integrable in time.
3.3. Stability. In this section we follow the outline given in the introduction to prove Theorem 1.4.
The warping function φ grows in a controlled way: when µ = − 1 2 , the lower and upper bounds of φ on B both go to infinity by (3.10), but we also have |dφ| 2 → 0 as t → ∞ by (3.11). It is natural, therefore, to hope that φ converges to a constant function, but the growth condition implies that this constant should be ∞. This means that some kind of normalization is needed for φ (in addition to g).
Therefore, let (g(t), φ(t)) solve (1.3) (with time parameter t) and let s(t) be a function with positive anti-derivative σ. Consider the transformation g(t), φ(t) → g(t), φ(t) , where
and
dµ(t) .
Note that φ is simply a translate of φ. As such, dφ = dφ, and so all spatial derivative behavior of φ is the same as that of φ. Additionally, from (3.10) it is easy to see that lim
for all x ∈ B. A computation shows that this transformation results in the system (3.17)
Note that if s is constant, then σ is linear in t, and we can arrange for σ/(e 2φ avg (0) +t) to be constant. Namely, we set σ(t) = (e 2φ avg (0) + t)s. This makes (3.17) an autonomous system. With these choices, we call (3.17) the curvature-normalized warped product Ricci flow system: (3.19)
Consider a fixed point (g 0 , φ 0 ) of the flow (3.19) on B n . From Lemma (3.18), we can assume that g 0 is Einstein with Rc(g 0 ) = λg 0 , φ 0 is constant, and s = −2λ.
To analyze the stability near a fixed point, we must compute the linearization of the flow. Let ( g( ), φ( )) be a variation of (g 0 , φ 0 ) such that
Lemma 3.21. The linearization of (3.19) at a fixed point (g 0 , φ 0 ) with Rc = λg 0 and φ 0 constant acts on (h, ψ) by
Proof. The first equation is the same as in Lemma 2.5, so we only consider the second equation. Let
.
So, given a one-parameter family of metrics and functions g(t), φ(t) , f computes the average value of φ with respect to g, both taken at the parameter t. Therefore we have
In the linearization of the right side, we need to compute the -derivative of f :
Now, ∆ is linear, and the desired equation follows from the chain rule.
As before, we use the DeTurck trick to make the linear (3.19) system strictly parabolic. Define a vector field depending on g(t) by
Let F t be diffeomorphisms generated by W (t), with initial condition F 0 = id. The one-parameter family (F * t g(t), F * t φ(t)) is the solution of the curvature-normalized warped product Ricci-DeTurck flow. A stationary solution (g 0 , φ 0 ) of (3.19) with Rc = λg 0 and φ 0 constant is then also a stationary solution of the curvaturenormalized warped product Ricci-DeTurck flow.
Lemma 3.24. The linearization of the curvature-normalized warped product RicciDeTurck flow at a fixed point (g 0 , φ 0 ) with Rc = λg 0 is the autonomous, self-adjoint, strictly parabolic system
Proof. This is essentially the same as the proof of Lemma 2.8. Now assume that (g 0 , φ 0 ) is a fixed point of the curvature-normalized warped product Ricci-DeTurck flow with φ 0 constant and g 0 an Einstien metric with negative sectional curvature.
Lemma 3.26. Let (g 0 , φ 0 ) be such that φ 0 is constant and g 0 has constant sectional curvature. Then the linear system (3.25a)-(3.25b) has the following stability properties: If n = 2, then the operator L 0 is weakly stable. On an orientable surface B of genus γ ≥ 2, the null eigenspace is the (6γ − 6)-dimensional space of holomorphic quadratic differentials. If n ≥ 3, then the operator L 0 is strictly stable. The operator L 1 is strictly stable.
Proof. The statements about L 0 follow from those about L 0 from Lemma 2.11. The operator L 1 = ∆+2λ id, involving the Laplacian acting on C ∞ (B), is strictly stable:
since λ < 0. We have equality exactly when ψ is the zero function.
We now turn to the proof of the the main theorem. Again, see the appendix for the statement of Simonett's theorem. Recall that if V → M is a vector bundle, then h r+ρ (V) denotes the completion of the vector space C ∞ (V) with respect to the r + ρ little-Hölder norm, and for brevity, let h r+ρ (B) denote the corresponding completion of C ∞ (B). For fixed 0 < σ < ρ < 1, consider the following densely and continuously embedded spaces:
Proof of Theorem 1.4. The µ = 0 case follows from directly Theorem 1.2, and modulo the details of the Hölder space setup, the proof for µ < 0 is the same as the proof of Theorem 1.2, so we omit the details. 3) is the gradient flow of a certain energy functional. Namely, given a metric g on B and functions φ, f : B → R, the energy functional is
Setup. The manifolds that we will consider in this section have a special bundle structure. Let B be a connected, oriented manifold, and let E p − → B be a flat R N -vector bundle. We consider M to be a principal R N -bundle over B, twisted by E. That is, there exists a smooth map
that, over each point b ∈ B, gives a free and transitive action that is consistent with the flat connection on E. This means that if U ⊂ B is such that E U → U is trivializiable, then π −1 (U) has a free R N action. Let M have a connection A such that A| π −1 (U ) is an R N -valued connection. If we assume that M also has a flat connection itself, then A is globally an R N -valued 1-form. We will use this bundle structure to describe local coordinates for M. Let U ⊆ B be an open set such that E U → U is trivializable and has a local section σ : U → π −1 (U). Additionally, let ρ : R n → U be a parametrization of U, with coordinates x α , and let e i be a basis for R N . Then we obtain coordinates (
where · denotes the free R N -action described above. Let g be a Riemannian metric on M such that the R N -action is a local isometry. With respect to the coordinates above, one may write
We will write this informally as g = (g, A, G), where
α is locally the pullback by σ of a connection on π −1 (U) → U, and
4.2. Stability. In this section we follow the outline given in the introduction to prove Theorem 1.6.
In [15] , Lott considered metrics of the form (4.1) that evolve under Ricci flow, which are called locally R N -invariant solutions. He showed that the Ricci flow equation for (M, g) becomes three equations: one for each of g, A, and G (see [15 , Equation (4.10)]). To study the asymptotic stabilty of this system, Knopf transformed it into an equivalent one that has legitimate fixed points (see [10, 
Equation (1.3)]). Let s(t) be a function. Then the transformed system is
We call this system a curvature-normalized locally R N -invariant Ricci flow. Also, we recall that
, where Γ represents the Christoffel symbols of g.
The case where the bundle connection is flat (i.e., A vanishes) was studied in [14] , in the context of structures that arise from certain expanding Ricci solitons on low-dimensional manifolds. There and in the more general setting, certain Ricci flow solutions give rise to a (twisted) harmonic map G : B → SL(N, R)/ SO(N ) (the target being the space of symmetric positive-definite bilinear forms of fixed determinant, with its usual metric) together with a "soliton-like" equation relating the metrics g and G. These are the harmonic-Einstein equations.
We will need a byproduct of this fact. Write S N = SL(N, R)/ SO(N ). The tangent space T G S N at G ∈ S N consists of symmetric bilinear forms with no trace. There is a Riemannian metric on T G S N defined by
The tension field of G : B → S N , with respect to the metrics g and g, has components
Proposition 4.5. The evolution equation for G from (4.2) is a modified harmonic map flow for G : B → S N . More precisely,
See [25] for a proof and further discussion. Now, we want to describe the fixed points of (4.2), with the proper choice of s. With these choices, we call (4.2) the curvature-normalized locally R N -invariant Ricci flow system.
Consider a fixed point of the flow (4.2) on a Riemannian product (R N × B, g). From Lemma (4.6) we can assume that g is Einstein with Rc = λg, A is identically zero, and G is constant. Also, c = 0 and s = −2λ.
To analyze the stability near a fixed point, we must compute the linearization of the flow. Write g 0 = (g 0 , 0, G 0 ) for such a fixed point. Let g( ) = g( ), A( ), G( ) be a variation of g such that
More explicitly,
Lemma 4.8. The linearization of (4.2) at a fixed point g 0 = (g 0 , 0, G 0 ) with Rc = λg 0 and G 0 constant acts on h = (h, B, F ) by
Proof. This is the same as the proof of Lemma 2.5, except for the second equation. With a variation of g as in (4.7), we have
It is easy to see that
As before, we use the DeTurck trick to make the linear (4.2) system strictly parabolic. Define a vector field depending on g(t) by
Let ψ t be diffeomorphisms generated by W (t), with initial condition ψ 0 = id. The one-parameter family of metrics ψ * t g(t) is the solution of the curvature-normalized R N -invariant Ricci-DeTurck flow. A stationary solution g 0 = (g 0 , 0, G 0 ) of (4.2) with Rc = λg 0 and G 0 constant is then also a stationary solution of the curvaturenormalized Ricci-DeTurck flow.
Lemma 4.11. The linearization of (4.2) at a fixed point g 0 = (g 0 , 0, G 0 ) with Rc = λg 0 is the autonomous, self-adjoint, strictly parabolic system
Here, −∆ 1 = dδ + δd denotes the Hodge-de Rham Laplacian acting on 1-forms and L 0 = ∆ satisfies (∆F ) ij = ∆(F ij ).
Proof. This is the same as the proof of Lemma 2.8, exept for the second equation. We have
Subtracting this from (4.9b) gives (4.12b). Now assume that g 0 = (g 0 , 0, G 0 ) is a fixed point of the curvature-normalized R N -invariant Ricci-DeTurck flow with G 0 constant and g 0 an Einstein metric with negative sectional curvature.
Lemma 4.13. Let g 0 = (g 0 , 0, G 0 ) be a metric of the form (4.1) such that G 0 is constant and g 0 has negative sectional curvature. Then the linear system (4.12a)-(4.12c) has the following stability properties: If n = 2, then the operator L 0 is weakly stable. On an orientable surface B of genus γ ≥ 2, the null eigenspace is the (6γ − 6)-dimensional space of holomorphic quadratic differentials. If n ≥ 3, then the operator L 0 is strictly stable. The operator L 1 is strictly stable. The operator L 2 is weakly stable. Its null eigenspace is the space of constant variations F ∈ C ∞ (G * T S N ), whose dimension is equal to dim S N .
Proof. This follows from Lemma 2.11.
We now turn to the proof of the the main theorem. Again, see the appendix for the statment of Simonett's theorem. Recall that if V → M is a vector bundle, then h r+ρ (V) denotes the completion of the vector space C ∞ (V) with respect to the r + ρ little-Hölder norm. For fixed 0 < σ < ρ < 1, consider the following densely and continuously embedded spaces:
For fixed 0 < 1, let G β be the open -ball around g 0 in X β , and define
Proof of Theorem 1.6. Modulo the details of the Hölder space setup, this is the same as the proof of Theorem 1.2, so we omit the details.
Connection Ricci flow
5.1. Setup. Let (M n , g) be a Riemannian manifold with n ≥ 3. Suppose that τ is a (2, 1)-tensor on M, and consider the (3, 0)-tensor H with components H ijk = g k τ ij . We can think of τ as the torsion of a connection ∇ that is compatible with g, and we say that τ is geometric if H ∈ Ω 3 (M) and dH = 0. Define a (2, 0)-tensor H (as above) by
The Ricci curvature of ∇ is a (2, 0)-tensor on M, but it is not symmetric. Therefore, consider the symmetric and anti-symmetric parts, denoted by Rc ⊗ and Rc ∧ , respectively:
where g Rc is the Ricci curvature of the Levi-Civita connection of g and d * H has components (d * H) ij = −g mg ∇ H mij . Now, one can consider the evolution of a connection g(t) ∇ + τ (t) on M in terms of the metric g and geometric torsion τ of ∇,
From the expressions for the symmetric and anti-symmetric parts of Rc, these equations become
which is exactly the flow (1.7) (although we will use H in place of τ , for clarity). It is easy to check that the property that τ is geometric is preserved under the flow, and that the flow enjoys short-time existence and uniqueness of solutions. We will consider this flow where g is a metric and H is any closed three-form, not necessarily dual to the torsion of a connection. Such a coupling arises in physics, for example as the renormalization group flow with B-field.
Our goal is to show that this flow is stable when g is Einstein with negative sectional curvature and H = 0. In the context of connection Ricci flow, this is stability at the Levi-Civita connection of g, that is, where τ = 0.
5.2. Stability. In this section we follow the outline given in the introduction to prove Theorem 1.8.
We transform the system into one whose fixed points include pairs (g, H) with g Einstein and H vanishing. Suppose that (g(t), H(t)) is a solution of (1.7) (with time parameter t). Let s(t) be a function with positive anti-derivative σ, and consider g(t), H(t) → g(t), H(t) , where
Now, we want to describe the fixed points of (5.1), with the proper choice of s. To analyze the stability near (g 0 , H 0 ), we must compute the linearization of the flow. Let g( ), H( ) be a variation of (g 0 , H 0 ) such that
closed (M). Lemma 5.4. The linearization of (5.1) at a fixed point (g 0 , H 0 ) with Rc = λg 0 and H 0 = 0 acts on (h, η) by
where ∆ is the Lichnorowicz Laplacian and ∆ d is the Laplace-Beltrami operator.
Proof. This is the same as the proof of Lemma 2.5, except for the second equation, which is easy to check.
As before, we use the DeTurck trick to make the linear (5.1) system strictly parabolic. Define a vector field depending on g(t) by
. . , n (5.6) Let F t be diffeomorphisms generated by W (t), with initial condition F 0 = id. The one-parameter family (F * t g(t), F * t H(t)) is the solution of the curvature-normalized connection Ricci-DeTurck flow. A stationary solution (g 0 , H 0 ) of (5.1) with Rc = λg 0 and H 0 = 0 is then also a stationary solution of the curvature-normalized connection Ricci-DeTurck flow.
Lemma 5.7. The linearization of (5.1) at a fixed point (g 0 , H 0 ) with Rc = λg 0 and H 0 = 0 is the autonomous, self-adjoint, strictly parabolic system
Proof. This is the same as the proof of Lemma 2.8. Now assume that (g 0 , H 0 ) is a fixed point of the curvature-normalized connection Ricci-DeTurck flow with g 0 an Einstein metric with negative sectional curvature and H 0 = 0. Lemma 5.9. Let (g 0 , H 0 ) be such that g 0 has negative sectional curvature and H 0 = 0. Then the linear system (5.8a)-(5.8b) has the following stability properties.
The operator L 0 is strictly stable. The operator L 1 is strictly stable.
Proof. The statement for L 0 follows as in Lemma 2.11. The statement about L 1 follows from integration by parts.
closed (M)) For fixed 1/2 ≤ β < α < 1, define the continuous interpolation spaces Proof of Theorem 1.8. Modulo the details of the Hölder space setup, this is the same as the proof of Theorem 1.2, so we omit the details. Note, however, that it only uses a special case of Simonett's theorem, since there are no center manifolds.
Appendix A. Stability Theorem
We use the following version of Simonett's Stability Theorem. Please see [7, 10] for a versions of the theorem, and [21] for the most general statement.
Theorem A.1 (Simonett) . Assume the following conditions hold:
(1) X 1 → X 0 and E 1 → E 0 are continuous dense inclusions of Banach spaces.
For fixed 0 < β < α < 1, X α and X β are continuous interpolation spaces corresponding to the inclusion X 1 → X 0 . (2) There is an autonomous quasilinear parabolic equation
∂ τ g(τ ) = Q( g(τ )), (τ ≥ 0), with the property that there exists a positive integer k such that for all g in some open set G β ⊆ X β , the domain D(L g ) of the linearization L g of Q at g contains X 1 and the map g → L g | X1 belongs to C k (G β , L(X 1 , X 0 )).
(3) For each g ∈ G β , there exists an extension L g of L g to a domain D( g) that contains E 1 (hence is dense in E 0 ).
generates a stronglycontinuous analytic semigroup on L(E 0 , E 0 ). (Observe that for g ∈ G α , this implies that D( g) becomes a Banach space when equipped with the graph norm with respect to E 0 .) (5) For each g ∈ G α , L g is the part of L g in X 0 . 1 (6) For each g ∈ G α , there exists θ ∈ (0, 1) such that X 0 ∼ = (E 0 , D( g)) θ and X 1 ∼ = (E 0 , D( g)) 1+θ , where (E 0 , D( g)) 1+θ = {g ∈ D( g) : L g (g) ∈ (E 0 , D( g)) θ } as a set, endowed with the graph norm of L g with respect to (E 0 , D( g)) θ . (7) E 1 → X β → E 0 is a continuous and dense inclusion such that there exist C > 0 and δ ∈ (0, 1) such that for all η ∈ E 1 , one has
. Let L C g denote the complexification of the linearization L g of (A.2) at a stationary solution g of (A.2 ).
2 Suppose there exists λ s > 0 such that the spectrum σ of L C g admits the decomposition σ = σ s ∪{0}, where 0 is an eigenvalue of finite multiplicity and σ s ⊆ {z : Re z ≤ −λ s }. If Assumptions 1-7 hold, then:
(1) For each α ∈ [0, 1], there is a direct-sum decomposition X α = X
